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A method is given for calculating oblique shocks in a region of 
moist vapor, when conditions of phase equilibrium are satisfied in 

-the shock process. 

When s u p e r h e a t e d  v a p o r  a r r i v e s  in a nozz l e ,  and a 
shock wave fol lows a condensa t ion  shock,  the m o i s t u r e  
moving in the s t r e a m  is f ine ly  d i s p e r s e d  and has  a v e -  
loc i ty  c lo se  to that  of the v a p o r  phase ,  i t  is  na tu r a l  to 
suppose  that  in the  p r e s e n c e  of a l a r g e  n u m b e r  of 
v a p o r - f o r m i n g  c e n t e r s ,  the shock wave o c c u r s  in con-  
d i t ions  of phase  equ i l i b r ium.  This  p ropos i t i on  is  va l id  
r i gh t  up to c o m p l e t e  evapora t ion  of the  m o i s t u r e .  It 
should  be noted that  such shocks  a r e  me t  c o m p a r a -  
t ive ly  f requen t ly .  In the shock ana lys i s  the fol lowing 
a s s u m p t i o n s  a r e  made .  

The C lapey ron  equat ion pV = RT is app l i cab le  to 
the v a p o r  phase .  

The ve loc i t y  of the m o i s t u r e  d rops  gene ra t ed  in the 
condensa t ion  shock  is equal  to that  of the vapor .  This  
p ropos i t i on  is va l id  both ahead of the shock  wave and 
behind it. 

In the low pressure region it is assumed that the 
saturation temperature and the value of the latent 
heat of vaporization do not change in passing through 
the shock. For water vapor this condition may be 
assumed for static pressures behind the shock of less 
than 0.98 �9 106 N/m 2 (Pl --<- 0.98 �9 106 N/m2). 

Taking these assumptions into account, the basic 
equations of gasdynamics may be written in the 
following form: 

equation of continuity 

Mlsin[5, = x I T1 P~ , (i) 

Mssin[5~ x, T2 Pl 

where  M, = cd]/"k-~-~l and M2 : c~/I/'k--RT, a r e  d i m e n ,  
s i o n l e s s  flow ve loc i t i e s ;  

momen tum equat ion components  n o r m a l  to the  

shock f ront  

P2 1 = ~ Mx sin [sx (Ma sin [5, - -  M, sin [5~); (2) 
p~ x, 

momen tum equat ion  a long the shock f ront  

M, cos [5, = ~4~ cos [5~; (3) 

e n e r g y  equat ion,  t ak ing  into account  that  r I = r2 

- ; io--  kRT_____}, M~cos[SI = rxl + M~stn'[st 
2 

= 2x~ + - - ~  M~sin'[52. 

The b a s i c  equat ion fo r  ca lcu la t ing  an ad iaba t i c  
shock  is  found as  fo l lows.  

F r o m  the f i r s t  two equat ions  we m a y  obta in  (T i = 

= T2) 

Xl 
M1 sin [51 x~, Pl__== M1 sin [51 

xl p~ k M1 sin [51 

The e n e r g y  equat ion gives  

x2 = x, + I .  kRT, (M~ sin ~ [51 - -  M~ sin 2 [52), 
2 r 

or ,  t ak ing  into account  momen tum equat ion (2), 

1 RT, 
X 2 ~--- X 1 - ~  - -  

2 r 

X [ 2M1 sin [51 - -  

M1 s in [~1 

k Mlsin[51 ~ Pt 

Thus ,  Eq. (4) is b rought  to the fo rm 

o r  

Mlsin[51q 2 r 

kMlsin[si \ Pl / J  

Pl k M1 sin [51 ~ Pl 

p___22 = ( i _ _  RT, ) xl 1 RTI X , 
Pl r k M~sin~[51 2 r 

[ xt ( 1 RT, ) ] - '  (5) 
X k M~ sin' [51 l 2 r " 

From the last equation it is easy to calculate the 
value of P2/Pl for the given flow parameters ahead 
of the shock Pi,T1 and M1,fl v For convenience of cal- 
culation, Fig. 1 shows a diagram for calculating 
shock waves in moist water vapor. Furthermore, 
from the momentum equation we have 

M2sin[5~=Mlsin[sx- kMlsin[sl 

The degree of dryness of the vapor behind the 
shock may be determined from the continuity equa- 

tion 

M~sin[5~ p.. 
X~ ~ XI. 

M1 sin [51 Px 
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The deflect ion angle of the flow 6 is de te rmined  
f rom (2) and (3). On the basis  of these equations 
we obtain 

tg ~, = ig ~x - -  k M~ sin' ~ cos ~ 

or,  af ter  s imple  t r ans fo rma t ions ,  

We note that  fo r  each flow deflection angle the re  
are  two solutions for  angle fl  and p r e s s u r e  ra t io  
Pz/Pl ,  as is well known in the gasdynamics  of a s ingle-  
phase fluid. The regions  of application of the s t rong  
and weak solutions for  an inclined shock in a two- 
phase medium are  evidently s im i l a r  to the regions  of 
application of these solutions in a s ing le -phase  fluid. 

< ' , . ,  - '  ) } - ' /  <~ 

Taking (5) into account, we obtain 

r kM~lsin'~, ] l  t sin2~-----~L - - -2 - -  • Fig.  2. Shock polar  fo r  moi s t  water  vapor.  

X 
.T}/.  (. .T x. ) 

r r k M~ sin 2 ~x X 

P 1 ( 1 RTi / ] - '  } tg~x ~-I I ,- J j S  I ' 

o r  

tg8 = (I  _MOsin:_1 I--~2 X 

RTt)--(1-- R71) + n  r xl - J tg  ~ }- '  kM~sin2~ 1 . (6') 

When values of Mi, Pi, xi and the deflection angle 
5 a re  the given quanti t ies ,  the problem is complicated 
somewhat .  F o r  these conditions we may  find the 
angle of incl ination fit of the shock f rom (6'), but this 
requ i res  much calculat ion.  The following method is 
more  efficient.  

Assuming  a number  of values of fll > a r c  s in (1/Ml) 
the rat io P2/Pi is de te rmined  f rom quantity xl /kM ~ 
sinZ f~l and the s ta t ic  p r e s s u r e  Pt using the shock dia-  
gram.  F r o m  (6') we de te rmine  the flow deflection 
angle 5, and d raw the graphical  re la t ion 6 = ](~1)- 

To i l lus t ra te  these conclusions Fig.  2 shows the 
shock polar  in mois t  water  vapor  with p~ = 0.98 �9 10 ~ 
N /m ~, x 1 = 0.90 and M1 = 1.5. We note that the region 
of application of the method examined has a l imit  in 
x 2 , the l imit  value being 1. Above this l imit  there  is 
no s ingle-va lued  re la t ion  between p r e s s u r e  and t em-  
pera tu re  behind the shock.  We shal l  es tabl ish  this 
limit. 

With x~ = 1, equations (1) and (2) give 

p~ M~sin~ Mtsin~, x, ( P~ - - 1 /  (7) 
P2 xi kMlsin~x \ Pl ] '  

whence we obtain 

] Pl ) .  

The ene rgy  equation with x 2 = 1 gives 

(7') 

RT1 xl ( - ~ - - - - 1 )  • 
r(t  --xt) 2 Mx sin ~1 

[ x. ')7 
X 2Mlsin[~l kMxsin~x Pi 

2.6 

, 
O.2 0.4, 46 38 B 

Fig. 1. Dependence of P2/Pt on 
the group B -= xl /kM~sin  l fl~ 

The in te r sec t ion  of this curve with the given value of 
5 gives the des i r ed  shock  inclination angle. The sub-  
sequent  calculat ion does not p resen t  difficulties and 
i s  c a r r i e d  out in the sequence indicated above. 

Taking (7) into account,  we obtain 

RT1 ( p~ 

After  s imple  t r ans fo rma t ions  we have 

(m/p1) ' - -  2 (r/RTI - -  1/2) (1 - -  xl) OJO~ - -  1/xl = O. 

The solution of this equation will be 

P~Pi = (r/RT1 - -  1/2) ( 1 - -  xl) + 

+ V - ( r / R T ~ - -  1/2)'(1 - - x a )  ~ + l/xl .  (8) 

Thus the value of M 1 sin fll at which the shock p ro -  
cess  ends on the upper  boundary curve ,  will be ex-  
p r e s sed  as 

M~ sin' ~1 = RTI 2 
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2.1 r 1) 
2 • 

r 

• (1 - -  xl) + [ , /  
RT1 

,) • xl (1 -- x~) + 
t RTt 2 

V f (  r 1 )2 ( l_xx)Z+  1 ] }-t (9) 
+ R T1 2 " - -~  - - l  �9 (cont'd) 

The r e su l t s  of the ca lcula t ions  a r e  shown in Fig.  3. 
F r o m  (6), for  the given p a r a m e t e r s  Pl, xl, and M l, 

we can calcula te  the flow def lect ion angle at which 

F o r  the case  examined  the equations of continuity 
and momen tum give 

Mtsin~, T~ P' =Mlsir l [~l  Xl (P_.L__II.(II) 
xl T1 F2 k MI sin [~1 t pl ] 

Substi tut ing T 2 f r o m  (10) into this equation,  and 
bea r ing  in mind that,  accord ing  to the momen tum 
equation 

M~ s i n ~ x _  M~sin ~2 __ xl (P_~_2 1 ) X  
k M1 sin [~x 

kMlSin~l "~1 - - 1  , 

we obtain 

(MtSin~)rb fl~" 

~8 0.9 f 0.9 0,8 

Fig. 3. Determination of boundary values of 
the quantity Mlsin31: 1) for Pl = 103 N/m~-; 

2) 104; 3) 5" 104 . 

the vapor  is d ry  and sa tu ra ted  behind the shock. F o r  
this purpose ,  we de t e rmine  the quant i ty  M 1 sin 31 
f rom the las t  re la t ion ,  which allows us to de t e rmine  
the angle 31, while the p r e s s u r e  ra t io  P J P l  is de-  
t e rmined  f r o m  (8). It is evident  that  if 6 < 6 b, the 
shock p r o c e s s  ends in the region of moi s t  vapor .  An- 
a logously,  if M l sinfli  < (Mlsin  30b,  the p roce s s  a lso  
p roceeds  without in te r sec t ing  the upper  boundary  
curve .  

If M~ sin 31 > (M1 sin fit)b, the vapo r  is supe rhea ted  
in the end s ta te  (behind the shock).  The re  is then no 
s ing le -va lued  re la t ion  between P2 and T 2. 

Assuming  that  fo r  superhea ted  and sa tu ra t ed  vapor  
the value of the enthalpy is de te rmined  as [1] 

Ai  = c p A T  

we obtain f rom the e n e r g y  equat ion 

Ts --- T1 -- ( 1 - -  xl) rl + 
c.  

Jr 1 kRTI "- �9 2 - -  - -  (Mjs,n ~1 - -  M~sin'~*) �9 (10) 
2 cp 

r . . .W_~cp  [2M1sin~ 1 Xl 
T I - -  (1 - -  xl) cp k Mxsin ~1 • 

\ Pl kMlsin61 Pl Mzsin61 
>< 

X [MI sin ~1 Xl __ 
kMxsin~, ( p ~  1 ) ] .  

Af te r  s imple  t r a n s f o r m a t i o n s  

l--x1 (rx--cpTx) kM~sin2~, = 0. 
x~ (cp - -  R/2) TI 

The solut ion of this equation for  P2/Pl will be 

i)+ 
[ (  k )~( M~sin'l~l 1) =+ 

+ xl 

-I 112 
(12) 

The minus s ign in front  of the rad ica l  co r responds  
to the unrea l  case  of d e c r e a s e  of p r e s s u r e  in the 
shock,  and so we shal l  not examine  that solution. In 
the case  when x 1 = 1, we can at  once obta in  the known 
re la t ion  for  the usual  adiabat ic  shock 

p ,  = 2k (M~sin s [ 3 1 - 1 ) + 1 .  
p, k + i  

The subsequent  calculat ion does not p resen t  any 
difficulty.  F r o m  (11), (6), (2), (3) we m a y  succes s ive ly  
de t e rmine  T 2, the flow deflect ion angle 5; Mzsin32; 
M2cos32 , and finally 3z = 31-6. 

When the s ta te  of the flow behind the shock c o r r e -  
sponds to superhea ted  vapor ,  and the quanti t ies  a s -  
s igned for  the calculat ion a re  M I, Pt, xl and the flow 
deflect ion angle 5, the shock is calculated in the fol-  
lowing sequence.  
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F r o m  the fo rmula  

tg 6 tg [3~ =/~x"---Z-~ [ ~ 1  ( M ~  M~ sin~ [~x~  1 ) +  

+ ~ x~ 

1) 

( t - -x l )k ~ ( r 
+ x~(1 q- k) c ~  

1)  i]1J } -' 

obtained on the bas is  of (6) and (11), we m a y  de t e r -  
mine  the angle ill. F o r  this we cons t ruc t  the re la t ion  
6 = f (ill) with the given values M1, Pl, xl, and de t e r -  
mine  the angle fll f r o m  the point of in te r sec t ion  of 
this curve  with the given value of 6. The subsequent  
calcula t ion is c a r r i e d  out in the o r d e r  indicated for  
the case when the calcula t ion was done f r o m  given 
values of Pl, xl, M1 and ill. 

We note that  for  moi s t  vapor ,  and also for  gas, 
there  is some  l imit  value o f  the def lect ion angle, 
6ma x. In con t ra s t  with the gas case,  the m a x imum 
deflect ion angle depends not only on the number  M~, 
but a lso on the s ta t ic  p r e s s u r e  Pl, and on the initial 
degree  of d rynes s  of the s t r e a m ,  x 1. This applies 
equally to shock  p r o c e s s e s  ending in the mois t  vapor  
region,  a n d t o  shock  waves leaving the flow in the 
superhea ted  vapor  region.  Thus,  in the case  of mois t  
vapor ,  both the s t rong  and the weak solutions of the 
shock  polar  are  r ea l i zed .  This means  that in a mois t  
vapor  both r egu l a r  and Mach ref lec t ion  of shocks  a re  
possible .  In o ther  words ,  all the c h a r a c t e r i s t i c s  of 
oblique shocks  in a mois t  vapor  r ema in  qual i ta t ively 
the same  as for  a gas,  but the quanti tat ive re la t ions  
prove to be different .  

Thus, the method of calculation of oblique shocks 
is as follows. 

In the case when the given quantities are the static 

pressure Pl, xl, number M I, and angle 31, we first 
determine from (9) the value of (Mlsinfil)b corre- 
sponding to the state of dry saturated vapor behind 

the shock. If Mtsin31 > (M1sin3t)b, the shock is cal- 
culated according to the variant when the shock 
process ends in the superheated vapor region. If 

Mlsinfll < 0VIlsin31)b, the calculat ion is made a c c o r d -  
ing to the var ian t  when the flow of vapor  behind the 
shock is mois t .  

In the case  when the given quantit ies a re  s ta t ic  
p r e s s u r e  Pl, xl, n u m b e r  M1, and flow def lect ion 
angle 6, it is n e c e s s a r y  to de te rmine  the value of 
(Mlsin~l) b f r o m  (9), and then the quanti ty fib f r o m  
(6'). 

If 6 > 6 b, the calculation is based on the variant 
when the shock process ends in the superheated vapor 
region. If 6 < 6b, the calculation is based on the 
variant when the state behind the shock corresponds 
to moist vapor. 

In conclusion we note that the equations for calcu- 
lating normal shocks in moist vapor may easily be 
obtained as the special case with fil = ~/2. 

NOTATION 

p--static pressure; c-stream velocity; T--tem- 
perature; R--gas constant; x I and x2--dryness levels 
before and after shock; k--isentropic exponent; fil 
and B2--angles between stream direction and shock 
front; 6--flow deflection angle at shock; r--latent 
heat of vaporization; e --isobaric heat capacity. 
Subscripts: I refers toPthe state of the flow ahead of 
the shock, and 2 to the flow behind it. 

REFERENCES 

1. W. Traupel, Thermal Turbomachines [Russian 
translation], GEl, 1964. 

23 February 1965 Power Engineering Institute, 
Moscow 


